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To MISS LOUSADA- 



Madam, 

AS the mathe^natical stvdies are among the 

number of your scientific researches^ and^ in your pursuit, the inore bril- 
liant and nicer subjects Jiave attracted your more particular attention, I 
have felt much flattered at the desire so frequently expressed by you for 
the publication of the follmving attempts ivhich I liave inade to illustrate 
a brafich of science by many considered difficulty being the first of 
a series of Mathematical Tracts tvhich I am about to publish. The 
willingness tvith which you have agreed to have your name prefixed to 
this Essay y ivhich probably but for your influence would never have been 
offered to fill the vacancies of a bookcase, encourages me to hope tlmt it 
will n^t be thought wholly unworthy of public attention. 

I am, 

Madam, 

with esteem, 

your obedient and obliged humble Servant 

Benjamin Gompertz. 
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I. Immediately ^er the invention of metlioddfot the didCbVeiy 
of the roots of an equation above the first degree, algdbr&ic ejcprelB- 
sions must have occurred^ which seemed to require the extraCtibh of 
the square foot of a negative quantity ; the impracticability of which 
could not have failed to throw much embarrassment in the way of th6 
early promoters of algebraic knowledge. Ages of i^tudy on this subject 
liave pointed out beauties where deformity appeared only* to rtigtt ; 
and the reiterated attempts of analysts to unriddle the secrets of science, 
have been rewarded by the discovery that those very expressions torched 
impossible or imaginary quantities, which were terrific, sterile, and 
unproductive of utility, in appearance, were the most powerful instrtt** 
ments he could poM6ds. fiut, notwithsttoding the acquirement of the 
practice of these instruments of atalysis, the method of their opetatioA 
is far ffbiil being universally ktiotm ; and the truths of their results ar^ 
by no means, generally idktiowledged to be legitimately obtainedi and 
would, by many, be wholly rejected ill the absence of other demon-* 
strations* 

A common infeteAce naturally to be dnvm from the appearance of 
an expression of this sort in the Analysis of a problem, is^ that the prob* 
lem is itself impossible ; as if it wete tequit«d to find the number^ such 
that the excess of its double above its square shall be equal to 8. Put-? 
ting jr for this number, we shall, according to the conditions of tbs 
problem, haveS*^— ^=^4; and, by the common method of resolving 

quadratic equations, we get j:=:lihv^ — !• Here the impossible quail«» 

f ity makes its appearance ; and here, ifadeed, the questiOti is impossible* 

It. If the question were to find that ntimber whose 4ouble shall 

exceed its square by the greatest quantity ; if this excess be put 



«re shall have 2;^— jr^tsnn, and eonsequently ^ts^l+^i-^^-m; but if m 
U giceatet tha<i i, i—m will be negative and conseqUMitly its aquart 

fi 
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root impossible. The greatest value that m can be, to avoid the im- 
possibility, is therefore 1 ; and then j* is 1 ; and this answers the ques- 
tion. This example already shows that a regard to the impossible 
quantity is serviceable in analysis : here the advantage, however^ is not 
reaped from the introduction of the expression, but from the manner of 
avoiding it, the knowledge of which is attained from a consideration of 
the cause of its production ; and it is to this cause that the Reader's 
attention will be drawn in my endeavours to explain the propriety of 
its use. 

. III. It will, perhaps, be useful, even in the present stage of this dis- 
course, to observe that, as in different speculations there are different 
sources from whence impossibility may arise, so do we properly find 
different expressions of impossibility : thus, if jt had been required so 

that At — a:^ should be equal to m^ we should obtain a:=2 + ^4—m; 



but had it been required to make 2t — ^r*i=wi, we should have 
x^si\±,\/^ — w». Now, were ;?i = 10, we should have in the one case 
jr«2 + ^ — 6, and in the other a? = 1 i^ — 9 ; and we see that m will 
admit of a greater value, without exceeding the limits of possibility, in 
the first case than in the second ; for m can be 4 in the first case, 
but cannot be greater than 1 in the second. 

IV. But impossible quantities are well known to occur also in the 
resolution of possible questions ; for instance, in the resolution of the 
cubic equation or*— 63j?s=:162, having three possible answers for j*, by 
means of Cardail's Rule ; and still, from these very impossible quanti- 
ties, by an analysis properly conducted, we have the means of discover- 
ing the answers. 

V. In conducting the operation by the algebraic expressions termed 
ioipoftsible or imaginary quantities, the same rules are observed as in 
other parts of algebra ; thus, if \/^^ were to be multiplied by c, its 
|>roduct would be considered c. ^-^^; if V/ — ^ were to be multiplied by 
^mj, the product would be considered \/ — ax — b or.v^fl*. But 
before I proceed, I think it necessary to infotm the Reader that there 
are many persons of respectable mathematical acquirements, and of 
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sound judgment in various branches of human research, who consider 
the operations of these quantities absurd ; and the profound mathema- 
ticians Newton^ Euler^ &c. in lieu of receiving the admiration due to 
their penetration and ingenuity in this part of science, have been hastily 
considered, by some, to be bad reasoners ; or^ at least, to have vitiated 
mathematical arguments. 
, YI. The foundation of the rules of operation appears to have been 

originally derived from the laws of continuity ; thus, if we have xss%/a^ 
yzsi^bj . we shall have xyz=z^ab ; and if we were to diminish a con- 
tinually, this would be always true till a became equal 0; and if a were 
to be conceived still diminished until it became =-?— c, the thing might 
be imagined still to be true ; and, substituting -— c for 0, we should have 



s/a X \/bss s/ — c X \/y = v/-^'-^ X b^szy/ — be ; and, in a similar manner, 
\ib be supposed to be diminished till it becomes equal to — d^ imagining 

the expression \/b still to be significant, and the truth of the original 

operation not be destroyed, we shall have ^a • ^&=^IIc . y/ — rf=s^ 



^^^ X — d=^s/cd. The objection raised against this operation is, that 
as the square roots of negative numbers do not exist in arithmetic, rea- 
soning in this manner must be^ inconsistent. How far the objection 
here named is just I shall not, at this part of my Essay, consider ; though 
1 think it proper to observe, that some follow;ers of this branch of ana- 
lysis, among whom is the celebrated Emerson, very erroneously, in my 
opinion, consider v^ — c\^ — dto be z=i^ — dc. The reason they give 
for this assertion is, that if it were = v^flfc, a real product would be 
raised from impossible factors. This argument appears to me quite con-' 
trary to the spirit of the method ; for, without at this moment being 
anxious to declare ou the justness of the method of operating with* 
expressions termed imaginary, I consider it proper to remind tte ope-> 
rator that the idea of x=iy/ — c and ^ysay/^^? is derived from the sup-^ 
position of jte=— c and^=— rfj that is,? that — c=±V^X^3Ic antf 



■— rf= V— rf : V — d; that is, that a real negative product is derived froni 
ifnaginary factors ; and should it be objteeted that a negative producted 
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b mot a real product^ atill coasideriD^ ^^Jt^=^ some prockict c4 it wiU 
likewise be equal to — <cx«-«W, ii4iieh b the same tbisg in an analytical 
point of view, allowing the law of continuity above cited to be ad- 
missible. The beautiful application of the imaginary algebra would be 
lost to any one maintaining the idea that >^— c. ^—d were = ^'— ctf, 
for such an idea would lead to error. There is another thing with 
which some mathematictans hare been puzzled : they say, that though 
it appears that V — ex V— -c is «= — c, it equally appears that ^— ex V — c 
V — c X — 122= ^'i^^=c ; but the feet is, that V? is neither equal to +c^ 



Bor to — c; that is, it is not identical with either, but that it is an expres- 
sioa having a double value, of which the one is +c and the other — Ci 
and tliat in consequence, so far from the thing being an absurdity, it lA 
ji pt oof of the excdlenee of the symbol ^. This symbol contahn the 
twosigna + and -^; and the difficulty dt>es not particularly belong to 

the imaginary quantity. The product /c. ^c ought to contain two 
ugna + aii4 -^» If the two symbota (both expressed by y/*) are to hare 

ibei samet aig9, in which case ^c. if c will be the same with v^^^t th^ 
value will he +ci but if tiiey hate diffsreni signs it wilt be -^-^i and is 

Ads case it is. not the same a» ^cK And, in like manner^ when the 
ijfmbol ^ IS: to be taken with the same sign in the two lectors of 

1^— c, v^— c, then will i^— c. i^— cbe the same with i^-^S= — c; but if 
tbey are to have different signs, it wiU be = 4- c. It is of great moment, 
ioi various parts of mathematics^ to be acquainted with the distinction 
JMtweca the equality of exppessions and the different interpretations of 
wikich tdwy will admit 

I have, i» the* abo^« 0b6ervations, pointed out what I conceive to 
llttve been the original steps which led to the introduction of imaginary 
quantities into algebra^ and have ^wn what an assumed law of con- 
tvwity ought to lead tei in the operation. But it is not on an assumed 
law that I wean to sest ;: i| is nqr otgcet, in* tdM* First Book of thia 
Treiaise,, to explain the principles of thi^ method by & mode, I believe, 
<l|iiite different to 9^y hUberta puFsuffdi; the whole of thia book being 
meant to illustrate the following position of the First Book. 



♦ 
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POSITION. 

I^bU wif»ener the operatian hy imaginary eapressidt^ can be wed, ike ] 
propriety may be explained Jrom the capability of one arbitrary qwm^' 
iUy w mare being introduced into the enopreesions i^hiak artimmgimmy 
pi^emoudy $o the said mfbitFaryquftmiky or qmaniiiierbeinff introdneedf 
so as to render them reat^ without altering the tPuth they are meant to, 
express; and thatj in eotisequence^ the operatwn fcilt proceed on reidf 
fHOMtity ; the introduced arbitrary quantity or quantities necessary ,to 
tender the first steps of the reasoning arguments on real quantity^ tza* 
nishing at the conclusion ; andfo^m whence it wHlfoUou> thai the nan* 
introduction of such can produce nothing wrong. 

I. Tuo^iraB I do not call lamiad eveikaviag, v^ot^ikh tfaistmode pf 
proceeding, I am well aware of the ba«sftrdaiid even injiiiatice i« the {Mk; 
sent advanced state cdf ma^iematicsr to affirm auy partuiMlw view of 4 ) 
subject to be oi^w : und, therefore, leavmg every one ta vaelke hi#^ claini,, 
I shall CQmmfnc^ by c on^ider ipg the factors of the expreasio* J^ -hai^ + b^ 
whtcbaie discovered, itceordiDgf tp tHe cpsimoit aie|ho^ by feigiimg^^ 



anti ^+5~ / T~*> and.<Ihat, in consequence, when b is greiter tt 



an 



7-, these jj^come imaginary ; and that, thenfate, any diial^ftis whjikfi^ 
proceeds by these factors will, in this case, pr0ce^ b;^ iV^^.^f'Si^^; 
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titles; and that this may be avoided, let us assume a^ + ax+b^ 

— ^ ■■ — • 

p+x/^ 7 — A+^xp— v/^ 4— *+6 or its equal p*—-+ft—e; whence 
wefindp =v^ :r*+tfa:+A+-- — i+^=:V^ a:+- +e; and, consequent- 
ly, we find a;*+tfa;+iz=( V^ x+^\+^ + \^ 2 — *+*)^ 



{Y x+^. +^ — V^ 4 — *+ey 5 e being an arbitary quantity, and 

consequently may always be chosen, so that the factors shall be real 
quantities. It is evident that if we take ^ = 0, the factors will be as first 

dctermincd,x+- + v^ ~-A, and ^+?— V^J— *. 

Taking a=:0, we shall have, for the factors of a;* + A, /iF+t + ^e^,- 
and^x»+^— ^^— b, which iff were taken =0, we observe would be the 
imaginary factors x+ V^i, and jj—v^—j, commonly used, and which 
it was our object to avoid. 

If we had the ^pression a^^+^+Ax+fc to reduce into factors, only 
having one possible binomial factor suppose, gf h and k being teal quan* 
tities, the expression may be Svritten x+cx j^+ajp+fc; a, b and c being real 
quantities, and consequently, from the above, thb may be written 

an arbitrary quantity : thus, if the expression were «"—«?, or its equ al 
«-ax»*+ap+a*, it wbuld likewise be («— a) ( ^*+|I +f+ f^V^ J 

+11 +f— '^f'^y*/ • If J be =0, it will become «— a f «+g'+« 
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impossible aiithmetical quantity 
nination of x and y, such, that 
ictors : this, when a — 1 and &=0> 
I to the impossible quantities, the 
ese are then assumed respectively; 
I •/ — c X r — *•— C) and we thence 
found —jir — cqs and yz;ps+qr, or 
lie of this takes for granted the 
1 possible quantities ; hut, accord- 
■ the formula i^-^cKf—{-/^\sf- — 
vidcnt from putting cy* for i in 
al factors. Now put the factor 
.^f" + r' — v"?"— «')> ^n*^ the factor 
( v'f"+r= + •f"— c»') steps which 
, {', and f"=0 ; and consequently 
*xr' + c»', as above, the three in- 
I'anishing of themselves. Now, 
subtraction, we get 2v'(+j:'= 
Dd 2v'(^^=2v'7+P^- •("— c»' + 
'iVt -cq*. •(" + '■' ; nence, divmmg Oy 2, and squaring and putting 
R for 2fV' + e'r'+{"p'— ('"'—<" c?"* 2 v'('+f»'-v'(" + r'.v'('—c9'Ve — u' for the 
sake of brevity, we shall find (+j!'=p'r'- + cV.j' + R, and {— q/'=R— csV — 
cg'r"; that is, jr'=p*f»+c's'9'+ **— *> ""'' ti/'=c»^' + c9'r'— H+f. Now it i» 
evident that as i, (', and i' are all arbitrary, we may take them so that 
R — (=+^2cj/)r, without the introduction of any imaginary quantity; 
and we shall, in consequence, have, as above, x=/ir+^cyi and ^=^s4'7^- 
And thus I have shown how, by the introduction of arbitrary quantities, 
we are enabled to imitate Enler's steps, which proceed by imaginary 
quantities, and to obtain his result ; and we have only to suppose (s) 
one of these arbitrary quantities =R+icj/jr, without being at any other 
trouble but the bare supposition, no subsequent calculation being ne- 
cessary with the other arbitrary quantities {, %', as they will of them- 
selves vanish out of the equation; and we, in consequence, see that, had 
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we not intf6dueed them, we should not have done any thing wrong ; 
and, in which case, the analysis would have been the same as Euler's. i 
ihay remai'k, by the bye, that if r^pmy and szsqm, we shall have z^tk 
• 0^c+9*)i &<^d y=:2fy9» or 0, according as the upper or under sign is used ; 
tod» consequently, we find ^with Euler, p. 156, Algebra, English trans* 
lation) that if «=:m.(p^— og*) and y=^2tiipg, s^+cy^ is a square, and tszm*^ . 

S . Let it now be required to resolve the equation o'^-^urrsb^ a and i 
being given quantities. 

For this purpose, take a?=»9+— ; .•• aj*=ny+3«*fi^^ — ^+_=:ny + 
^+3fim^ + — j=:n^y*+-i-+3fmi«; consequently the equation »• — aar=bbe- 

comes ny +-5-=5+c*> putting? for n— Sum; and, squaring, we get ny 



m* 



+4ti?0^+-f rt: y+ea*. Take away *^* from both sides, and extract the 

9 



.1 s 



squard root, and we shall have ^V***^ 2t v^FTcx^'— 4ii»inV this, compared 
with the equation ji«y«+?=i+e»* giv^ ^^^'^+^^^^^^: 



•nd-ss^ii2— ^^^ — li'm? j and, consequently, because •»=^» 



y 



T 



* * 




we get * or ^+== ^^+ v/^+ ^+^(»:^ J 
^3*)! t being an arbitrary letter. 

If we take f sO, we shall get the common fofmulaori:^ ^ "^ T^h * 
\/|_i/^_|l\ wfaiebwitt beCMtte ittiagiiitty when ^ is greater than 
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J- ; and it is easy to see that e may be so taken that the imaginary 

quantities may be avoided ; but as x would be then contained within 
the vincula, some further expedient would be necessary. If, for 
instance, the equation had been x* — 6ar=162, we should have 

f=i/81+i^x+V'81+lfr^— 2T^»+ v^8I+i^»— v/81+i^ar— 21— 4^Uj 



here, when j=:0, we get «=^8l + V— 270ol+C^8l— v^^=:i27od : but 
when { is not taken =0, it will not, I think, be improper to show 
that if for the x within the vincula we put one of its values, 9 foi 

instance, we get j?= v^ 81 + 5^"*" . ®^ + 2^' ~^^~?' '^^ (^^+2'^~ 



V^81+-.c ^21— -fl 1, and this will be so at least when real, without 
any regard to the value of ?, as e and « are quite independent of each 

other. Thus, take ^=63 ; then is xz=X/ 81 +9 x y +v/8i+^3l — ol + 

^81+9xy-r-C^81+^63l — 0= •162+567^+0= ^^729)=: 9. If e be taken 

=6, we shall equally have a?=9 ; for the theorem will become 

«=V^108+^48C» + ^ 108— •4805=1:5.61804, nearly, +3.38196 nearly 
=9 ; and so we might proceed with any other value of e which would 
not lead to imaginary quantities. 

The Reader ought to be reminded, that our theorem, though it 
appears of service to explain the office of the imaginary quantity in 
Cardan's Rule, stilly without further expedient, it does not seem of ser- 
vice for the discovery of the value of «; as, in the above examples, we 
supposed the value of x previously known, to enable us to subject our 
formula to calculation. But still we see that if we extract the roots 

expressed in the formula, ,= t/^4^ + t/^L^,' + ;/(% - 
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v/5l±E?f — ^y^ j by means of infinite series, all terms introduced, 

which are multiplied by ? or its powers, ought to vanish of themselves. 

At present, I shall only consider the case in which 5=^ —1 is a proper 

fVaction ; and first show the Reader who may be unacquainted with it, a 
iqethod to be used in Cardan's failing cases to get rid of the imaginary 

4<i' 
quantities, by those who do not object to its operation. Put ^=^ 

^l=]fc; then will v/^2 + ^4"'"l7^^^a'^^ + ^"^=(^^ 

mial theorem) v^ ^ x U + gv/— *— g^g •— fc\*+ ^j^^^ > &c^, and in the 

same way l/^.^^/t^^ is equal to l/^x A- l^^ZIfc- 1^^^* 

— 3-^^/— itj , &c. ] ; consequently, x being the sum of these two, and 

considering what has dready been observed to be regarded by the 
operators with imaginary quantities, namely, that y/II^]*=— fc ; and 

therefore ^7^*=fc», ^7^*=-^*', &c. we have *=v^4Ax ( 1 + 

2 5 8 \ 

3 g * ,o • ^\ &c. j for one root of the proposed equation. 

Now, according to thfs proposed object, I am to show thai; the 
analysis by the imaginary quantity can be dispensed with, in using 
my theorem for the same investigation ; that is, that if s^—asizbf 

fore, 27^ — 1=*; and also put, for the sake of brevity, Rs ^""^ ,./^ 



3.6 * ~ 
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J?^!Sr±t, aad we shall have x= v^s x { v/l+ |x+C/S=i+ 
\/l+ Ijc — v/S^--^]; and if we develope this by the binomial theorem, we 
MX have it = yaxCT^p-l,^ _ ^^ ^. &c.) = 



1+|X l + fj 



I 



2 2 5 8 

which every part is concerned with some power of ^ ; but, as ^ is inde- 
pendent of*, all terms which introduce it must vanbh of themselvesi 
that is, must destroy each other, and therefore R' represents ; and 

3 / 2 2 5 8 \ 

therefore x:^s/4^ x (I +~*--^~^u^fc», &c. 7, the same as before. 

4. Imaginary quantities have been used by Waring and Simpson 
(see Waring's Meditationes Algebrateas, 8d Edition, Preface, page xxvfii, 
and m the Work page 157) in the salotion of the foUowifig general pro« 
blem : 

•' A quantity being given which expresses a series (a+6,+c+d+e+/+ 
g+%4-fc-f &:c.) of simple terms, proceeding according to the dimensions 
O, 1, 2, 3, &c. of any letter a?, to find a quantity equal to the sum of 
the alternate terms of the series (a+c-f e4-g-^ft4- hti) y and likewise 
quantities respectively equal to the sums of the terms of the proposed 
series, standing at the 2d, 3d, or, lastly, the wth interval from eiach 
other." 

The impossible quantity being required in their analysis of the prob* 
lem, when two or more of the terms of the original series are to be con- 
tinually olfoitted, I shall consider the case only when there are two of 
the terms continually omitted, as the method of proceeding when 
there are more of them left out will be easily perceived from this : 

Thus, let the proposition be. Given S=a+6a?+cap*+da^+€!r*+^+^a?*+, 
&c* io find th« aum df the series a + dr' -^ gj^ ^ , &c. Then accordtAg t» 

C2 
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the method of imaginary quantities above alluded to, put «x, fix, ya?, in 
the room of a;, and let S become, by that substitution, A, B, C, and con- 
•equently we have 

B=a+63.a:+c3*.j?+d53j?+ fec^and one third of the sum of 

these three will give 5 «+*• —3 — a?+c. — ^ ^r +d. g 

• «»4-, &c.; consequently if «+i3+y=0,«*+|9*+y*=0,«»+fi'+y»=l, weshall 
haye> for the determination of «, |3, y, the three equations «> — 1=0, 
fi^ — 1=0, y^ — 1=0; this will easily be seen by extermination, or from the 
theory of equations admitting of the doctrine of impossible quantities ; 
and it is easy to see thai a, 0, y, cannot be the same with each other, but 
are, according to the operations of ImaginarieSy the different roots of the 
equation «» — 1=0. And it will likewise follow, that whatever number y 

may represent that •"*''+^+' +y"*''=»'+ia'+y' ;«*, /5', y* being each = 
1 ; and therefore, because in the new series the coefficients of x and sc^ 

are = 0, that is, if v=l or 2, « +/f +y' will be equal to ; so will it fol- 
low that the coefficients of all powers of a?, except those which are mul- 
tiples of 3, will vanish ; and it is also plain that all power of a? M'hich are 

multiples of 3 will be unity ; and, consequently, that g =a+djr'+ 

This method of Waring, which has much elegance, considers of the 
three letters «, $, y, one to be =1, one to be =— J+ v^ — 4* ^°^ ^^^ 

other to be — i— v^ -~ 4- ®**' ^^^^ ^^^ *= l>ia=— J + \/^ f — 41 and 

— _i_,^r •— -, and e not less than I, they will not be imaginary; 
y— 9 ^^ 1 4 

and then, to use similar steps, I observe that a+3+y=0,«*+**+y»=2(, 
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.»=l,l9«=l--|f+j^/^(— |, and y»=i_^j</^—|; therefore .HA* 
+r'=3-3«. Also, •'*»+i»'+'+y'+'=«'+^+/+/»' . Ly/ ^\ -^ - 
y / f^/^ f— J — |j J ; or, generally, if we put m=:fv/e— j — i<, and n 
=— tV{— |— fj; since we shall have ^=l+fn, andy»=l— n, we have 

ff'+'="rHJl./j',andy'+'=T=:nV; alsog +"=1+^'. |S'=^+(AT+;;;i'— l),and 
y'"'"''=y'+y'x(l^'— l), ^ being a whole number; therefore «+^+ 

^'+»'+y'+»'=.'+i5'+y'+i3<i+;;3'_i)+y'('i=;D'-i), as. is =i. 

Take «=1 ; therefore .'+"+(8'"**"+y'"^"=(8.(r+^'-l)+7.(l=^'-l), 
because «+|3+y=0. Take v=2; therefore • +|5 +y"^ =2e + 
/l»(f+my— l)+v(r^'— l), because »*+<^+y*=2f. Takev=3; therefore 
^3+9/ +p*+»'+y^+»'=3_3^+^i(i-:i:^/„l)+yi((l_n)'_i), because •'+0»+ 

y»=:3 — 3^. Therefore — -^ — =:a+dx' +gaj*+ &c. +R, R standing for 

a series of quantities, every term of which is concerned with (that is, 

multiplied into) some positive power of f ; for (l--ml' — I ) has every 
term concerned with a positive power of m, and therefore with a posi* 

tive power of f. And the like of (l — nf — 1 ; therefore we have 



A+B-4-C 

-Rrsa-fdx'+g^y &c. If c had all the time been taken equal 



3 

to 0, many of the above steps would not have appeared, and the analy- 
sis would have been the imaginary analysis above delivered, but not re- 
sorting to that case, as e is independent of the value of the above series ; 
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consequently all terms concerned with f must destroy each other ; and 
therefore, after proper reduction, we shall have the same value for the 
sum» whatever t be taken. 

Thus, we know that -7==! +f^+ ^^^+ 144**+ J44^ 

^1 — X 2.4 2.4.0 i.4.0.0 

&c. ; and if we wkh to have the expression, whose developement i s 
1 + 1^ x'+ g'^g^;{^;i^ »•+ &c., we have it, from the theorem above, 
I . _1 ^ 1 p_ 



^>^'-"' 3V/I>,x U+v/f-p 3v/l+x0+v/f-p 



+ i Jl i iLRr:! 



3^1^^+ ^ ' I \ ^-R=(by squaring 

and indicating the extraction of the square root of the denominator 
of the second fraction for the sake of reduction) — -p 



— 9 



— ^^ ^ ■"'"^M^ f — R ; and consequently if this be developed, 

and we remember that in that case all terms in which f is concerned 

must destroy each otheri the expression will become = — ,,; 

3v 1 — s 

It is very far from my wish to crowd this Essay with examples j but 
as the solution of the following will require an artifice not yet shown, 
I consider it proper to oflFer it for the Reader's attention. We know that 

X, Q Oft 

I— ** =1 — \s— g-^ **""X6fl**' *^* * consequently wehave, from theabove 
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- , 2.4j:» 2.5.8.1K14 ^ ^^ I— «Y+ii> ,% t • . 

methort 1 - :p^ — &C. =2 i-- R, w beinfi: put 

mctnoa, i— ^^ 3.6.9.12.15.18 ' 3 ^^i ^ " 5 p 



for i+jar— a?v^^— -1( +l+}x+a?v^ e*" 4 > ^^^ therefore fjd^=z2+x+ 



3.i+4a;»*— ^-e— - w=2+a?+3a+Jp+a7'^?a?*\*r£;. Now let u'=:2+a?+ 

4 

3. l.+Jf +«***. tt; and as the equation itmnediately preceding, if we develope 
according to the positive powers of c, may be written w'=:2+a+3.l+a;4- so^^^w 
4R, R representing a series of terms of which every term is concerned 

with positive powers of j, wehav^ by subtraction, to*— tt'=3(l+j:+«^* 

.(to— u)+R; let to=u+f', and it will become, after transposition, 

1 

(3.U*— 3.1+a?+ar*^ f'+3«^^+c''=R > hence f' may be expressed by rever- 
sion, by a series of which every term is concerned with a positive power 
of R s ^ud therefore, by restitution, since u and a: are independent of 

J, f may be expressed by a series (in which u and s are found) of which 
every term is concerned with £ ; and consequently the sum of the series 

^-3:6:9-3.6.9.12,15.11^-^^' = -T— +f-R=l>arely — ^— ; 
because all terms affected with § vanish, from what has been already said ; 
that is, t is =R| anAu is one of the roots of die equation tt'=2+a?+ 
3 . \+x+x^^^u, and u may be found by the trigonometrical mode of ej^- 
tracting the root of cubic equations ; thus, put A= arc, whose cosine is 
2jjr^ ^^ ^^ whose tangent is ^v^ then will u=:2.iT^+B*cos.of 

/A\ •. , r ^1. ♦ t 2.5a?' 2.5.8.11.14 . o ^ 1^ 

(-), and the smn of the sencs 1- 3^9 - 3.6.9.12.15.18> ''- ^- " 
«. - ~^* "*"" ; but it is to be observed, that as u has three values which will 
satisfy the equation u'=:2+a:+3.1+a?+j?»|l.w, so if we wish to have the 
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value of the series 1 — -qVo> &c-> ^^ must not take for A any arc satis- 

fying the equation A= arc whose tangent is ^^^-f , but the arc to be ta- 

ken for A, if positive, is that which is less than 90°, or, if we please, the 
same increased by any multiple of three circumferences ; in fact, taking 

A m that manner, it will be = 2^ 2+ r^"*" * ^ ^^ ^ ^~2 ''"^^ 

&c., and therefore the cosine of fA= I — 14 + 04' ^^'^ ^^^ l+«+H^ 
=1 + g + -72 — 72x18* ^^* ^ *^^^ multiplied by 2cos.of |A, or its equal 

^-7^+TS' *^- '^"^ g^v^ 2+ ? + ?^-i2fL, &c.: to this add 
12 1« '^ 3 18 18X9 

1—** , or its equal 1— jx ~ — ^, &c., and 5 of the sum will give the 

18* D«Ot9 

very series proposed, namely, 1 — j^^ ^— &c. 

5. The two following are theorems of very extensive use in the appli- 
cation of imaginary quantities to analysis; namely, thatif ^ be an arc of a 
circle whose radius is unity, x the sine and^ the cosine of that arc, then 

is x=: yJ— , andy= ~i , irepresentingthenum- 

bcr whose hyperbolical logarithm is unity. Now, instead of these forms, I 

••pi «,V^ 

e — e 



shall propose for our consideration the two expressions, -p 

and . Put x= ^ +R, and y=i 

+R', :r and y being the sine and cosine of z; then be- 
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--£—.+t,c., and y=i_.^^+-£- - &c., wciiave, byjHibstitution, 

ly a series trf terms of irhich every one is multiplied into a positive 
pomcr off; and in the same manner we find R^ = — ^ — /,2.a l 4 ^^^~ 

f''r^^*'t>g*Tf&c., and is a series of terms, eveiy one of which is suiki- 

plied by a positive power of f ; hence, if la any inmestigatinn wd use 
these values for x and j (of which every part is real), k is evident that, 
after proper reduction, j, R, and R', must vanish from the equation, and 
that, in consequence, nothing wtmldhare beenwxonghyisuffeniig them 
to vanish at the commencement of the analysis, or had they been put 
equal toO, or. In fact, any value most serviceable for our purpose. 



••c-i , ^-HiVr-i ^ "^r— 1_^— "Vc— X 
Moreover, as —5 =y— R'l «id — ^ = * — R, 



we have .•^«-^+^+r*^^*=4 . 5=*^. «^ «bo f*"^ -2+J^^ 
=4 . j^ir . JITr)*, and therefore firom the two y— R'l*— FH . x— R|V=I; -and 
therefore. B'=jr-»/*^rr^Rr+i. We abo get, fix)in the eguatbns 

^ •»•« =9-S!, and • 5^ v<FI'*-B, « *^'^* 

D 
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=:y— R'+\/7— 1 *x—Rf3ndB ^ =3/ — R'— v^^— 1 .a?— R; these, if e 
were taken equal to 0, would give the known imaginary formulas 

f"^""*=:y +v^'^ . or, and g— "^—^ =:y— y^HT. x. If «=4 of the circum- 
ference of a circle whose radius is unity, then willy=0 and x=i, and 

therefore / ^*=\/^, and therefore «= hyp. log. of ^Hi , J. Ber- 

nouilli's Theorem. Also, from « ssv^—awegetf raised to 

power, that is, e =^— il , Euler's Theorem. But instead 
of these theorems, we may use theorems of real arithmetical quantity ; 
for, in the case of z being a quarter of the circumference of the circle 

whose radius is unity, we have, from the general equations $ 
=:y_R'+^j_i.a?—R, simply « =^^—1 . i_R~R', and therefore 



xsz-^ — ^ — y^ , R and R' being as above ; also, from 

V € — 1 

— — ^VPi 

/^^'=v/c'=T . i=R-R' we get /^^*' , that is, /' '"' = 



^^-i . i-R-R'l^*-*, and therefore f-^==vSZlLiill5z±J 



p$ , what- 



ever r may be (at least whilst the expression is real); and therefore 
if r were taken equal to 0, we again have the imaginary equation e~*=: 

—1' 



Moreover, if X be the sine of »i«, and Y the cosine, we shall Have from 
the a.^,^-. .^ ••""^-^^'^' -IK, ^ 1=^. ^f gj^^. *c.)and 
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B » C » fiZ 



y= '.^ ' -"i-O^^-'^'^i^"'''''-)' X 



'^^r^-^xO+?=|.«V + &c.>and Y 



' '^^ C^'x(l+*~nV+&c.); or, if we put R=— 

( . ^x (l +^^^»x» + &c.), and R'=— ^|- x (l +ffj- • »»»«*+ &c.), w* 

have X, or the fine of »w=5 ^~'- fR* and Y or co8.oftui=: 

'. ii hR'; also, < = COS. of nz +y/f—i . sine ofj? — 

2 J, 

R' — \/f^* R ; but f* ^ =ccoSiof r+^/f^ sine of « — R' — v^J^R; 



ft 



therefore cos.of n«4-v^f— i sine of n^ — R'— v/^— lR==:(cos.of t+y'^ — i 



. sine of a— R' — \/e— lR')'*=cos.otr+v^j— 1 .sine of zp+Q, Q represent- 
ing the whole developement of cos.of «+ •«— 1 • sine of « — K' — ^/^^ i.k) , 

excepting cos. oi z+s/^-^i . sine of af, and consequently every term of 

the series, whether finite or infinite, of which Q is made up will be 

either multiplied by R' or R, and consequently, by restitution, each 

term will be multiplied by f ; consequently, if R'+\/« — 1 • R+Q be put 

ft ft 

=Q', Q' will likewise be a series of terms of which every part is multi- 
plied by f, and we shall have cos.of «+v^^—l • sineof^V— cos.of fw+ 
v/f— 1 • sine of nz — Q' ^ and in a similar manner may F be found, being 
a series of terms of which every term is multiplied by f, such that 

cos.Q>'«— v^f— 1 .sine of j4*=COS.of na— \/V — i • ^^^ of nz--^* * 

D2 
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These two last theorems, if f were taken equal to 0^ would be the well 



known theorems cos.of r-f y^— 1 . sine of 21"=: cos. of nz+ ^^^.sine ofnx, 

and cos.of;8:^ — y^ — i . sine of ;rr=cos.ofn2: — \/^^ • sine of nx, under the 

imaginary form ; but whatever e be taken^ they- must revert to the same 
thing, since, e being arbitrary, it must vanish, as all along insisted on, 
after developement ; and therefore, by taking it previously equal to O;. 
or any other convenient value, we can produce nothing wrong. 

It is evident from the above real formulas, by addition and subtraction, 
ftc. we obtain co8.offizc= 

cos.ofz+4/p— I .sine of tP+cos-of^ — \/$—i . sine of aP+Q'+F , . 
-^^-^ — 2 ^ — and sme 

r cos.of z-f \7r^ sine of zf— cos .o f ^-y/ g— 1 . sme of zl" + Q' — P' 
ot m=z ^-^ _ ; 

and if these be developed, and every term which is multiplied by e be 
omitted, by reason of the necessity already proved of their destroying 
each other, we get the same as would be obtained^ by using the imagi- 
nary formulas cos*of nz=> 

cos.of jg-f y/'— i . sme ot if^+cos.of t— -y? — 1 * sine of zt* ^^ , „• ^ r 
^ q ' ano sme or nz^^ 

cos.ofz-F^/=IT.8iDeof.r-cos.o ff»~v/^. sine'TO^' ^^^ . ^.^ ^^ 
tsdncoiMfmssCM. otsf—n . ^ . sine of zf! . cos. of 2) +n . ^ . 2Z? 



2 ^23 

. !!—. . sine of z^* . cos. of 2* — &c. and the sine ofitz=:ncos.of2) . sine 

ofx — « . -^-.— z— . cos^oFz^^ .sineofjsV-f&c. 

9. Itan^naiy quantiljer are used very advantageously in the reso- 
lution of cartain fliuuonal equations; for- i])stance» in equations of 
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' y y, V* 

the form jj[+«-:+/9-:; +y— &c.z=05 afndwe are conducted to imaginary 

quantities in virtue of the property of the exponential f*', whercfc repre* 
sents the number whose hyperbolical logarithm is unity, and m a con- 
stant quantity. The property to which I allude is; that the first fliix- 
ion of this exponential is m . i'^i^, the second fluxion fii*«"^i*, the third' 
fluxion iift"^i5, &c. ; consequently, if in the equation above we assume 
yrsAi*^, A being constant, it will become A«**x(l+«m+/3^»+yni»+&:cfy 
=0, or simply A+mm+fim*'\'yw?+,&c.=0, m being constant ; and if 
^9 fiy y^9 &c. be constant quantities, m may be found to satisfy tilis 
equation either by a real or an imaginary quantity. Tfiere Have been 
very instructive particulars drawn from the present proUi?m, . well wortHy 
the attention of the mathematician; namely, the manner of proceeding 
when the equation l+«m+i9m*4-»&c.=Ohas all real roots differing from 
each other, when some of the roots are equal to eacH other, and when 
some or all are imaginary. 

I shall propose, as belonging to our present object, . To 'find theroom*^ 

plete fluent answering, the equation^^-y^ =:o. Tafee y =cAf"*, A statiding^ 
for a constant quantity, e being the number whose hyperboHc logarithm 
is unity; therefore irrmiA****, > =m»i»A«*^, &C , i'=m»ir»A.<*^: thisbeing 
sobsututed in the proposed equation] we obtain ffi^+l=sO, m= — 1 wilL 
answer this requisite, and we shall in consequence ha^: y»A«~''' ibk- b^ 
solution* But thts^ contains only one arbitrary constant^, wjiereaa^ 
from the theory of fluxional equations for a complete solution, it oug^fi^ 
to contain five arbitrary constants ; and the analyst acq^iainted with^ther* 
doctrine of imaginary quantities seeks assistance from the imaginaiy* 
roots of the equation m^-f IcsO. Now, from what we have already seen;., 
we have oos.of tw+y^'— I . sinrof iMs=scos;ot jj+y^ — I . sine ot jgf* ; con*-* 
sequendy if we tiike ifcS- and z so that the cosine of ne is ■ 1^ and^ 

therefbre sfine of nrssO, we shall have cos.oraf+v^#¥.l^ sinrofzV = — T; 



* If «> 0» y$ &c. were not constant, l-|»«m4-0M*=:O- would only be possible in v^ry itfir< 
ticular cases if m were constant. 
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but m'r: — I, therefore mzi cos.ofz+v^^ . sine of z. Now, to fulfil 
the conditions of cos.ofnrrz — 1, that is, cos.of 5z= — I, we may take 
5z=180% 18(f+360o, 180^+360*^x2, 180^ + 360^x3, 180^+360^x4, &c. ; 
but it is not necessary to proceed, as these will give all the values that 
wi can have, and we should have the same values of m by proceeding as 
by using the five values of oz above ; hence, for z we are to take the 
values 36^ 36°+72*', 36o+144<>, 36^+216^ and36**+28ff*; and consequently 
w^have for m any of the five expressions, 

cos.of 36°+ v/^ . sine of 36** 

cos.of 108**+v/^8ineof 108°, thatis— cos.of 72°+ v^—1 .sine of 72*, 

cos.of 180°+ v/I=T sine of 180° = — 1, 

cos.of Si^^'+v/^ sine of 252°=— cos.of 72"— -v/-^ . sine of 72^ and 

cos.of 324°+v/—l sine of 324"= cos.of 36°— v/^. sineof 36' ; 
and consequently if a, a' be put for the sine and cosine of 36°, and 6, i' 
for the sine and cosine of 76°, we have for m either of the expressions 
following, c^+a\/^, — 6'+6v^^, 1, a'—a^—l and — b'—bx/^; and 

we may take for the fluent, y= A. /'"*"'* ^ +B.e*''^ ""^ + 

C.f +D.t +Ef ; A, B, C, D, and E being five 

arbitrary constants, and we may write it thus: y=/*xVA/' "" 

+ B.P" "" /+f^ 'x(c.«* '"' + B£"^ ""/+£.«""'; butfromwhat 
we have seen, this may likewise be written y=:/*(A(cos.of 00?+^/ — I 
sige of ax) +B cos.of (ax — v/^ sine of ax)) •\-r^*'x (C(cos.of bx+^Z^ 
sine of 6«)+D(cos.of 6x — \/^ sine of lwc))+E.f"^; and, putting 
A+B=A', A^^\/—\=:B'y C+D=C', and C=Dv/~i=D', we have 
y=f*''x(A'cos.ofax+B'8ine of ax)+«— *'*x(Ccos.of kr+D'sine of 6a?) + 
E . f— ' ; A', B', C, ly, and E being the five arbitrary constants. And 
to show how this may be imitated without introducing imaginary 
quantities, z being as before, that is, so that cos.of Szssz — 1, takem=: 

cos.o£z+^/f^ .sine o£5z, and yzzAi'^+Kf A being constant and K 

• 
• •• 

•• .. 

variable ; consequently, as jor is constant, we have ^rrAm' . ^+^2* ^^^ 
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the equation to be resolved is Am«£""+A5^+^ + K=: 0; but n^ = 

cos.of z+\/^— I .smeof zP = (by Art. 5) cos.of Sz+x/^—i • sine of 5j?r 
— Q' i Q! being put for a series, of which every term is multiplied 
^yj; and consequently, because cos.of 55r=—l, and therefore sine of 

^=0, wchavewi?= — 1 — Q', and consequently the equation to be re- 

• ■ 

•• •• 

•• •• 

solved is reduced to §+K=Q', and therefore K = Q'— §= Q'— 

m 

every term of Q' being multiplied by the arbitrary constant e, every term 
of all the fluxions thereof will likewise be multiplied by e» ^ c is not 
concerned in Q/ as an exponent of a power, nor as a transcendental ; 
consequently K is likewise a series of terms of which every part is mul- 
tiplied bye: hence y=A/'~"'"+'^^'""'"'*^+K, jj being such that the 
cos.of ,5;a;= — 1 ; and therefore, putting as above a and (^ for the sine and 
cosine of Sff', b and b' for the sine and cosine of 72°, we may take 

K ; K being a series of terms of which every one is multiplied by •. 
I I 

And this may be written y==;''x(A£'^'^%B£'^'^'^'')+/'"x(C*'^'^* 

+ Di"* ^)4"E.r"'+K; but from above we have, whatever f is, 

I 

/ *" **=cos.ofar — M'+v/f^.sine ofaa — M, /** ^^ **=coa*ofiM: — 



*\/«— 1.» 



M' — v/^— l.sineof a»— M, t *" ' =:COs.of6x— N'+\/7— ^•s^^^^^^^"^'— N 
andi"^^^~^"'=cos.ofix— N'+v^pr sine of fcx— N, M, M', N, N' 



• Q'<-*>, Q<'®>, &c. stand for the fifth, tenth, &c. fluxions of Q\ 



f8 P^ ^MAG<][ifARr QUAlfTJTIfiS. 

being quantities of which every term is multiplied by ( ; these are 
found, by proper aub^titutioiiy in the expressions above giveny namely, 

/^*^* 2=y— R'+v^r-^- »— R ^^ ^ ^^ =:y— R'-Vf^ .»— ft: hence, 
by substitution, and putting A +B=:A^ A—Bx/f^zzB\ C+D=C, and 
C^^ ^y^^z^J)\ and considering A', B\ C\ D\ and E arbitrary con- 
stants, independent of the arbitrary constant f, we have y=/' x (A' 
xoacof^a«+B'si(iieofar)+r^' x ('C'cosx>f ir+D'siue of !»)+£.£-', the 
same as before, because the terms M', M, N', N and K being each a 

series of terms multiplied by ^ which is independent of x and y, vniK 
from what has been repeatedly Airged, destroy each 4>ther. 

In finding the integrals of equations of finite increments, the ima- 
ginary quantity very frequently occurs, as wdl in the necessary inte- 
gral as in the correction. All the steps may be imitated by similar 
means to those I have used above, and the imaginary quantity avoided. 

Imaginary quantities have been used, in the doctrine of series, for 
due determination of the eurns of trigonometrical series. See Landen's 
Af athematicftl Memoirs. 

I have shown^ in the Philosophical Transactiodas, in a Pi^r read 
before the Royal Society, Eeb. 13, 1806^ how imaginary quantities 
may be avoided in those speculations of Landen, by the application of 
a method of differences, and a method will easily foHow from tfhis Tract 
for doing the same by imitatiag Landen's steps, and adding what our 
method points out. 

I think it not improper .to remark, that, whenever we indicate an 
equality between quantities which are in themselves incomparable, the 
mea&iag snu^t be not a Jieal equality, but a ^cMiditioiial equality arising 
from the condition of certain changes taking place. 

Mathematics, in its present improved state, abounds with indications 

of such conditional equality, the equation ^»=:V /'—I/ signifying, ac- 
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cordiagto the French notation/ the increment taken n successive times 

of u, is =v/' '— ly is only true after certain chtogfc^ have taken place. 

And in this way do I understand the sign =, when found Ib certain ima- 
ging equation^ ) and the cotaditions are, that ib opetktibg widi \/^, 
we are to operate as we would with %/f^9 and dien afterwards expunge 
f ; or, shorter, only to siippose < to be thete without inserting it. It 
might be thought more consistent with riasbn to tase a diflfereiit sign 
when conditional equality is meant to be leicpresafed than when ttal 
equality is to be inferred, and no doubt it would where w^ shbUld 
o&erwisis be able to draw wrong infi^tnces* 

7« The Reader, during his perusal of this Tracts bad an opportunity 
of observing that the introduction of the ^bitrary quantity in the 
different expressions which consist of imaginary parts, independent of 
that introduction, had the effect of giving reality to sqmrate parts of 
the real results, and that the results did not at all alter by changing the 
value of the arbitrary quantities introduced ; and, consistent with the 
definitibn of pbrisms, 1 think 1 may venture to call expressiohs con- 
sisting of such arbitrary quantities, pci/imatiid eipre^oiAs, and likewise 
to use the term to parumati^ an expiression to signify thtt act 6S intM- 
ducii^ one arbitrary quantity or more into a fbti»ala^ such that the 
expression shall be constantly of the same valu^ whether or not tht 
arbitrary quantity or quantities be varied. This is an indeterminate 
problem, whicb, generally taken, appears to ihe to oJiei^ a new and ex- 
tensive field for speculation. Let us now eoiisider the indeterminate 

problem. To porismatise or to complete the expression ^o+fcT^^ft 
+^i»— 6«/l!i). Put it equal t^ V^d+in+ft^^i + t/«+f*i— 6(/c— i*i 



and mquarti both sides of the equatitm, and we have, after reduction^ 
2o+2.V/a*+6*=2d+2m+2.Va+mr— b*.^— 1 j and coasequmtly V^a*-ffr*| 

^o*-i-2(iM4>fi^^ib» . t^\\ I 8C[ttaie both n«les> ftttd We gfet^ tfter 

£ 
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reduction, —2m V/«* + ^*= 2am— &» . ^ 5 and consequently wi=2^^ g^o* + 6*' 
or its equal ~^~v^^*~^* .^ ^ and consequently the formula, filled up, 
completed, or porismatised, may be v/o+Jc.(— fl — V'a^^i^D+iij/c— ll 



+ v^a + if • ( — a—\/a^—h^^—h v/c^l, an expression containing an arbi- 
trary quantity ^ ; which expression, if a and h are given quantities, is 
itself given, though e may vary. If e be taken equal to 0, this expres- 
sion will become the prop&ed expression \/a+b\/— 1| + l/a—h v/^P- 

The above fact may be enunciated as a porism in the following man- 
ner: — If a and fc be given, A is likewise given, such that, whatever ^ 
may be, x/a-k-A^-^b \/e— ll+\/o+Af— 6. V^— I] will be given : and the 
in vestigation of it may be as follows, independent of imaginary quan- 
tities. 

Suppose it true ; then, because the expression is always given, what- 
ever f may be, therefore, taking ^=1, we find it to be=2v/a+A; that 

is, if the position be true, we have v^a+Af-ffc.\/p^l + s/^ + A^— 6- \/f — 1 » 

=2v^o+A ; square both sides, and we have 2a + 2Ae + \/a + A^' * — b* . ^— ll 

=4a+4A; consequently v^a+A^I*— i*.^— l|=a+2— «A; and, squaring 
a*+2aAe+AV— b*e+fc* = a*4-4aA— 2aAe + 4A*-r^A*-f e*A* ; consequently 
b».f— 1— 4oA.7---l*~4A*,^^=0; and therefore, dividing by fUT, 

i»— 4oA— 4A*=0, and consequently A =~^ "^ ^^ "*" ^^ Q.E.D. 



2 

The same may be enunciated as a porism concerning lines, as fol- 
lows :— 

Given three right lines G, A, and B ; there is given a fourth right line 
R, such thatf if r, q, p, he any right lines at pleasure^ constituting re- 
spectively the base, perpendicular, and hypothenuse of a right angled 

t triangle, and X be q, fourth proportibfial to the square on q, the square 
on p, and the right line R i and Z a fourth proportional to the right 
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hfies q, r, and B ; theuj if P be a mean proportional bettveeti G and the 
sum of the right lines A, X, and Z, and Q a mean proportioned between 
G and the excess of A and X above Z, the sum of P and Q shall be 
given. 

The Reader is requested to pay particular attention to the geometri- 
cal investigation of this porism which I am now about to offer, as I am 
purposely leading him, through a route in which imaginary quantities 
may be passed over by the geometrical traveller, without, perhaps, his 
being aware that he is treading on a ground which by many is con- 
sidered unworthy to be trodden by the geometrician's foot, and which 
is even by some believed not to be possibly found in his way; Suppose 
it true; then, since the sum of the right lines P and Q are given, the 
square on this sum is likewise given ; that is, the sum of the spaces 
which are the square on P, the square on Q, and the double rectangle 
contained under P and Q is given ; but the square on F is equal to the 
sum of the rectangles contained under G and A, G and X, and G and 
Z ; and the square on Q is equal to the excess of the rectangles under 
G and A, and G and X above the rectangle under G and Z ; conse- 
quently the sum of the square on P and square on Q is equal to the 
sum of double the rectangles contained under G and A and under G 
and X. Let L be a fourth proportional between G, P, and Q, and conse- 
quently, because the sum of the spaces which are the square on P, the 
square on Q, and double the rectangle contained under the right lines 
P and Q, is given, we have its equal, the sum of the spaces which are 
double the rectangles under G and A, under G and X, and under G. 
and L, given ; and consequently, because G and A are given, the mm 
of X and L will be given. Let M be the right line which is equal to 
the sum of the right lines X and L ; then will M be given, and L will 
be equal to the excess of M above X ; and consequently the square on 
L will be equal to the ex;cess of the sum of the squares on M and on X 
above the double rectangle under M and X. But we have taken L, so 
that, as L is to P so is Q to G ; and consequently the square on L is 

£2 
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to the square on P so is the square on Q to the square ost G ; but the 
square on P is equal to the rectangle under G and the right line which 
is equal to the sum of A, X, and Z ; and the square on Q is equal to the 
rectangle under G and the right line which is equal to the excess of the 
su«i of A and X above Z ; consequently, from the proportion just 
mentioned, we see that the square on L is equal to the rectangle under 
two right lines, of which the one is equal to the sum of A, X, and Z, 
and the oUiar the excess of A and X above Z ; and consequently that 
the square on L is equal tp the excess of the square on the sum of the 
linea A and X above the square on Z, that is, its equal the excess of the 
square on A, the square on X, and the double rectangle under A and X 
together i^ve the square on Z. But the square on L was also above 
sbowa to be equal to the excess of the sum of the squares on M and on 
X above the double rectangle under M and X, and consequently, by 
comparison of these two values of the square on L, we find that the 
excess of the square on A, together with the double rectangle under 
A and X above the square on Z, is equal to the excess of the square on 
M above the double rectangle under M and X. 

Furthermwe^ take W a fourth proportional to ^, ^ and B ; conse- 
quently the square on f is to the square on pi, so is the square on B to 
die square on W ; and therefore the excess of the square on p above the 
square on fi that is^ the squave cm r is to the square on y, so is the 
excess of ^squareon W above the square on B to the square on B ; 
but, by hypothesis^ fistorasBistoZ; consequently the square on r 
is tothesqnare on f, so is the square on Z to the square on B ; that is, 
ffOM immediately above^ as the excess of the square <m W above the 
square on B to d^ square on B : whence the square on Z is equal to the 
excess of the square on W above the square on B ; and therefore, be- 
cause we have shown that the excess v£ the square on A, together with 
the douUe rectangle u»der A and X, above the square on Z is equal to 
the excess of the square on M above the douUe rectangle unda M and 
X, it ibUowa that Uie excess of the square on A, together with the 
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doiiUe rectangle u&der A and X and the aquare oa B, above the 8({itafo 
on W, is equal to the excess of the square on M above the double 
rectangle under M and X. But M, if the porism be true, has been 
proved to be given (though p be variable) ; consequently, if p be ever 
so small, or even evanescent, M will still be the same ; hut if p bq 
evanescent, q not being so, W and X would both be evanescent ; we should 
therefore have, from the general case, that the excess of the square os 
A, together with double the rectangle under A and X ; and the square 
on B above the square on W is equal to the excess of the square on M 
above the double rectangle under M and X ; likewise, that the square 
on A, together with the square on B, is equal to the square on M ; atifi 
therefore, by subtraction, the excess of the square on W, above the 
double rectangle under A and X, is equal to the double rectangle under 
M and X, and consequently the square on W is equal to the douUe 
rectangle under the sum of the lines M and A, and the line X. But we 
have already said that the square on q is to the square on p as the square 
on B is to the square on Vf ; and likewise, by the proposition, as R is to 
X; therefore the square on B is to the double rectangle under the sum of 
A and M, and X, as R is to X ; and consequently, as twice the sum of 
A and M is to B, so is B to R. But M is given; consequently R is 
given. Q.E.D. 

In the investigation of the truth of porisms, besides the consideration 
of the case proposed generally, it is commonly found of advantage to 
consider certain particular cases of the porisms, in which they may be- 
come more simple, being rendered so by certain terms vanishing rn those 
cases : thus, in Simson's first Pixrism, a certain property is to be shown 
to be true in whatever manner the right line F£G is drawn through the 
point £, or, in other words, whatever be the angle HEF; and, besides 
the general case, Simson assumes a particular case, in which the angle 
HEF is nothing : the assumption of such cases of ease continually ocQUf 
in Simson's Treatise on Porisms. The case of ease which I have used 
is, when p vanishes under the supposition of q not vanishing ; but p 
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being the hypothenuse, and q one of the legs of a right angled triangle, 
the case is impossible or imaginary, and the lines P and Q would be also 
imaginary ; but still I contend, that the investigation is perfectly geo- 
metrical ; for, though we have assumed a case incompatible with the 
poriam proposed^ still, as that case is not all incompatible with the ge- 
neral equality which was under consideration, namely, that the excess 
of the square on A, together with the double rectangle, under A and X 
and the square on B above the square on W, is equal to the excess of the 
square on M above the double rectangle under M and X,. that case may 
be assumed as far as regards this equality ; but this equality cannot take 
place throughout the whole limits of the proposition, unless it takes 
place generally ; and therefore the assumed case being incompatible 
with the limitations of the proposition, can by no means affect the 
validity of the. argument. 

It is plain that the assumption of the imaginary case of ease may be 
avoided ; and, had we taken the case of q evanescent instead of j&, that 
object would have been accomplished. 

To dwell long on the subject of porisms would be carrying our 
views from the main object of tliis Tract ; still, as we have been led to 
consider that branch from the nature of our immediate object, the 
Reader might consider me leaving him too abruptly were I at this mo- 
ment to quit the subject. I shall therefore remark, that it is not only 
quantities consisting of imaginary parts which may become the object 
of this, Ibelieve, netv speculation, as will be evident from what follows. 

Problem. — Porismatise a.b. 

Solution. — Put it sz^a^—^^/^b'+m^; consequently o*.i»=a»6»+ 

oSn*— 6V— ^* ; therefore m=:— ;====i, and we may state, in the form of a 
porism, that a and b being given, k will likewise be given ; so that, if 

fn=—T===^y x/a^~f* v^6*+m* is given, whatever p may be. And if we 
v«— e 

investigate this, we shall find k = b and s/a*^» v/^>*— m*=ai, whatever f 
is. Again, take the same expression ab, and put it =:a^^x 6+^=06+ 
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o^— fern— ^; therefore m=rv'» and we may state as a porism, a and b 

being given, ft is given; so that, if m=r^, ar—m.b-^'i will be given, 

whatever f may be, and k will be found =fl, and a^IIm . fe+7=«*- 

Take a+v^a*+6*- Put it =o+m+ v^m 4- ol*— {*+*>* 5 therefore m* — 
27«v/aNK6^+a'-ffc*=w*+2ma+a*— j*+fe»; therefore 2 . (a+v/a*T^O*«=fS 
and we may state, that if a and b are given, r is given ; so that if f be a 
mean proportion between r and w, a+m+v^m+o^'— ^*+6* will be given, 
and by the investigation of the porism we shall find r = S. (a+v/a*+**)' 
Wp might proceed now to a description of porisms containing two or 
more variables ; but I prefer leaving that speculation for the present. 
The second Tract of these Series will, I think, contain some new subjects 
on imaginary quantities, in their application to geometry. 

END Of BOOK I. AND TRACT I. 
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Page vii^ last word, ioxproducted read product. Page 1 1, lines 4 and 9 from the bot- 
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torn, for 2cj}>r read 2c9pTq. Page 22, line 7 from bottom, for £ ^^"^ read 4 

e'v'pi) . Page 23, line 7, for the last R read R. Page 28, last line, •■«" , * ') 

for ^" read ^"u. ' ^. 
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